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The problem of passive diffusion by strong turbulence is described by equations of motions of
the form dx/dt= V(t, x), V(t, x) being a stochastic velocity field with strong nonlinear depen-
dence on x. Present-day theories are based on certain plausible approximations rather than on a
systematic treatment, e.g. in form of a perturbation theory with respect to some smallnes para-
meters. In this paper a method is described to construct stochastic velocity fields with reasonable
velocity distributions and correlations, and to obtain at the same time the exact solution of the
corresponding diffusion problem. Brownien motion is a special case of such models. The models
can serve to check existing approximate theories, to simulate real turbulence, and to get altogether

better insight into turbulent diffusion.

The Problem

The notion of turbulent diffusion is as old a phe-
nomenon as turbulence itself. When Osborne Rey-
nolds observed the onset of turbulence with an in-
dicator dye, the essential feature was an irregular
motion of the coloured test particles. Meanwhile
there are several other applications of interest that
afford a suitable treatment of turbulent diffusion.
We give a short — not exhaustive — list.

1. As already mentioned, there is the motion of
a small particle within a turbulent fluid. If we are
allowed to assume that the particle will immediately
follow the fluid, we may identify its velocity with the
instantaneous motion of the fluid. This leads to an
equation of the form

dx/dt = V (¢, =) ,
where V(t, x) is the velocity field of the fluid.

2. In a somewhat more refined treatment one
should take two additional features into account:

— the finite mass of the particle,

— the fact that besides the stochasticity of the
fluid motion (which we accept for the moment
without any attempt to explain it itself, e.g. on
the basis of a stochastic theory of Navier-Stokes
equations) there is present the influence of
Brownian motion. We thus expect superposi-
tioning of turbulent and Brownian diffusion. For
the motion of a test particle we now expect an
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equation of the Langevin type [2]:
dx/dt = v,
mdv/dt = — f(u— V(t, x)) + A(t).

Here A is a random stirring force due to the agita-
tion of the temperature-driven collisions and § would
in general be a tensor which also takes care of the
shape of the particle (friction tensor). We should
then have to add further equations for the rotation
of the particle. If we assume it is a small rigid sphere,
we may omit these additional complications. f then
becomes a scalar quantity and we arrive at a rather
simple expression in the case of very light particles
(m —0):
dx/dt =V (t, x) + (1/B) A(t).

This equation is essentially of the same type as that
mentioned before in the case of purely turbulent
diffusion, if we incorporate the random stirring
force within the stochastic velocity field. In the
following there is thus no need for a distinction be-
tween turbulent and Brownian diffusion [2]. An ex-
ample of practical application would be in problems
of environmental pollution by a chimney stack.

3. In plasma physics, charged particles undergo
gyration in the presence of a strong magnetic field,
thus being bent to the lines of force. If, however,
a small electric field is simultaneously present, we
find a drift of the particles according to [3]

dx/d¢t =E x B.
These electric fields are usually due to several kinds

of instabilities and it is a convenient assumption
that these instabilities produce a rather stochastic
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electric field. Formally, our equation is then again
of the former type.

4. One may suggest that the penetration of waves
through a turbulent medium might be treated in a
similar manner. In fact, we have shown that this
is correct at least for the eiconal equation. This will
be shown elsewhere.

So far; we have provided a description of the
task: Given a turbulent fluid V (¢, x), what are the
transition probabilities of the test particles following
the equation of motion ? — We should add that at
least for two and three dimensions the further as-
sumption that the velocity field is incompressible is
very often met (examples 1, 2, 3). In fact, if the me-
dium is air or water, this is fulfilled with a high
degree of approximation and it still holds in the
plasma case. In the present representation we shall
not deal with this question but only remark that in
the one-dimensional case incompressibility would
not allow any interesting results, whereas the next
complicated possibility, two-dimensional flow, which
is of interest in the case of a plasma, can be dealt
with by a certain variation of the methods to be
developed below. This will be the subject of a sub-
sequent paper.

The Conventional Approach

Present-day literature on turbulence deals with
the problem to some extent. Monin and Yaglom, for
example, have devoted a whole, lengthy chapter
(Vol. 1) [4] to it and another reference in book form
is given by Csanady [2]. The interest may be due to
the fact that official standards for the spreading of,
for example, pollutants are based upon acceptable
results in this field. -

In the older literature [5], the problem was tack-
led with so-called Lagrangian correlations. It is
easily seen that the equation of motion can be inte-
grated along its own path (which, unfortunately, is
unknown). Hence, if one introduces the correspond-
ing Lagrangian correlations, some results in terms
of them can be achieved. The lack of knowledge of
the Lagrangian correlations led to the assumption
that they may be identified with some accuracy by
the corresponding Eulerian velocity correlations.

Another approach is based upon the assumption
that if the velocity field is governed by a Gaussian
stochasticity (for its meaning see, for example, Cra-
mer and Leadbetter [6]), then this should also map
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onto the notion we have of the position of the par-
ticle at least for small times as long as a Taylor
series may be assumed to be valid. — On the other
hand, for very long times it is believed that the cor-
relations of the velocity field may have died out
after a finite 7, and hence the path along the
velocity field could be considered as a sum of n = ¢/t
more or less independent Gaussian parts. For large
values of ¢ the central limit theorem would then
again predict for x a Gaussian distribution. From
these suggestions (where evidently a Lagrangian and
a Eulerian picture have been exchanged) one may
conclude that the transition probability should be
modelled rather acceptably by a Gaussian-like func-
tion, which is usually the solution of a suitable, con-
ventional diffusion-type equation with a suitably
chosen ““turbulent diffusivity”. — Some problems
are concerned with the superpositioning of Brownian
motion.

So far, this cannot be considered as a systematic
treatment. The main difficulty stems from the fact
that the problem is — at the moment — far from
any perturbational treatment. It corresponds to
what is called a problem of strong turbulence (for
the definition of weak turbulence in contrast com-
pare Pfirsch [7] and Elsisser and Graff [8] for a
treatment). Ten years ago, one of the present au-
thors tried to attack the problem by means of a
Dyson-like equation for the transition probabilities.
It is possible to obtain a rigorous expression, which
unfortunately contains an unknown mass operator
as the kernel of the corresponding equation (Graff)
[9]. Despite the fact that it was possible to obtain
— by conventional quantum-mechanical perturba-
tion theory — a rigorous equation for the mass
operator as well, the result proved to contradict
ordinary Brownian motion. The most probable
reason for this (unpublished) disaster was that the
underlying series, which were rearranged by the
perturbation procedure, were not absolutely con-
vergent. This is in keeping with the fact that no
plausible smallness parameter can be associated
with the problem.

We are thus obliged to seek a rigorous treatment
of the problem [10].

Models

A few words on what is meant by “rigorous treat-
ment’’ are needed. The essential idea is that many
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examples of velocity fields which can be dealt with
exactly can be given. Furthermore, we shall offer
a method of finding additional examples. This may
raise the question: Are these examples represen-
tative or are they academic ?

There is a very famous answer to this question in
a similar case. This is the conventional treatment of
Brownian motion. Concepts like the Wiener process
are introduced. If z(t) is given by a Wiener process,
then no finite velocity exists — hence one might
hesitate to adopt such a process as a useful tool for
describing diffusion from the point of view of
Newtonian mechanics. However, the conventional
diffusive scaling

a2y ~ ¢t

is incorporated excellently in the Wiener process.
The essential points of the physical reasoning are:

— The process can be subjected to rigorous, math-
ematical treatment. It thus serves as a ,,refer-
ence basis” — even if it is not completely
realistic.

— The possibility of deriving a Fokker-Planck
equation in many physical situations from a
rather fundamental basis proves the Wiener
model to be at least in good agreement with
what we expect from physics.

The Wiener process is thus considered as kernel
of any treatment of classical Brownian motion, thus
serving as a reference, as established by, for ex-
ample, the improvement given by Ornstein and
Uhlenbeck.

There is another reason why rigorous results are
of interest, even if they look somewhat academic at
first glance: They offer a possibility of checking
already existing (or subsequently invented) ‘ap-
proximations” under model conditions. For ex-
ample, in turbulent diffusion the assumption of a
finite correlation time of the velocity field is rather
crucial to most present-day formulas in order for
them to be convincing. However, the case of what
we call “frozen-in turbulence” would be a rather
outstanding limiting case in which we do not expect
any of the existing theories to work. It may thus
always be of interest to check whether new sug-
gestions for approximation treatment of turbulent
diffusion really implies progress. In particular, they
should be compared with their predictions for the
frozen-in case. This criterion was proposed to one
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of the authors by P. G. Kraichnan on the occasion
of a personal discussion [11]. It is precisely the
frozen-in case which we are dealing with to some
extent in the following.

Our Method

We shall give details explicitly below. Neverthe-
less, it seems worthwhile to represent the more gen-
eral argument beforehand in comparison with what
has been done elsewhere.

More recently, Lundgren [12] gave a treatment
of turbulent diffusion which is based essentially on
earlier work by Kraichnan [13]. He deals with the
representation of the path of the particles within
the fluid in the sense of Lagrange and represents
the transition probabilities on nearly the same basis
as we shall do. However, he did not consider them
as the starting point because in his description the
initial conditions (e.g. starting point of the particle)
cannot readily be eliminated — which is essential
in order to derive the probabilities of the velocity
field from the motions of the test particles — irre-
spective of what special test particle has been
chosen. Hence his assumption is the classical one,
as formulated by us at the beginning: Given the
statistics of the velocity field —, what can be said
about the transition probabilities of the test par-
ticles ? Lundgren subsequently treated a rigorous
formula on the basis of certain assumptions (e.g.
also the Corrsin hypothesis, which is also the subject
of a recent paper by Newman and Herring [14]. We
shall derive an equivalent, exact formula, but within
a somewhat different, slightly more general frame
of consideration which allows a different line of
attack.

Given the statistics of all the test particles, what
about the stochastics of the velocity field ?

In this sense, we are not concerned with the most
natural question in physics, the action as a result
of cause. Let us assume instead a certain action
and ask what was the underlying cause. In practice
this means — contrary to Newton — that we do
not start with an assumed knowledge about the
moving forces and then find the path of a test par-
ticle, but start instead with the motion of the par-
ticle and subsequently construct ‘fitting velocity
fields™.

The essential problem within such a concept is
to get rid of the initial starting positions of the par-



798 P. Griff and D. Pfirsch - Turbulent Diffusion — A Rigorous Treatment

ticle. In fact, the instantaneous position of a par-
ticle within a moving fluid will be a rather complex
function of its initial position:

X = f(t’ xo)

(Lundgren) [12]. According to this, the distribution
of the particles, which is described by their initial
statistics together with the transition probabilities
of the velocity field, does not look easy to separate
into these two parts. Nevertheless, this can easily
be done, if one introduces a representation of the
paths of the test particles in such a way that the
initial conditions are represented very explicitly.
This is precisely what we have done.

Implicit Solutions

As already mentioned, we are allowed to start
from the equation of motion in the form

dx/dt = V(t, x),

where V (¢, x) is regarded as a stochastic velocity

field. This covers the case of Brownian motion,

which might be stated explicitly by an equation for
the density of test particles of the type

Oc/ot + V(t,x) Oc[0x = D Ac

since the Brownian motion can be incorporated into
the stochasticity of the velocity field. Hence the
latter equation is a consequence of the former and
no split between microscopic and macroscopic tur-
bulence will be made.

We write the solution of our equation of motion
in the form

St,x)=8

where 8 are constants of motion, e.g. the initial
values or certain functions of them. (The arbitrar-
iness involved in this possibility will be discussed
below.) Our implicit solution obeys the following
equation of motion:

(9/ot + V(t, x)0/x) S = 0.

Let us consider the number of test particles within
a small volume of the f’s:

AN = g(B) 3.

For the corresponding number of test particles
within an z-space volume we find

dN = g(S(t, x)) | det 3S;/dwy | d3z.

From this we get an expression for the transition
of test particles from an original position x¢ to =
within the time ¢ for any special (individual) realisa-
tion of the turbulent fluid field, if we start with
only one particle at x9. This corresponds to the
following assumption about the initial particle
density:
7 (0, x) = 0 (x — x),
where 7 (t, x) = dN/d3z. It immediately follows that
g(S(t, x)) = 0(S(t, x) — S(0, x0)) .

This formula applies for any realisation of the field.

Statistics is now introduced in a twofold way:

— through the initial conditions, e.g. if n(z) is
smeared out: {n(0, x9)> = no(x0),

— through the statistics of the turbulent motion

It seems natural that both sources of statistics
are independent.

— A counterexample would be the following:

A stack is assumed to emit pollutants in propor-
tion to the speed of the wind. Then

no (x) ~ VZ(O, xo) 6(x = xo)

and this feedback would have to be taken care of.
This is omitted in the following.

Since the above procedure affords the possibility
of getting rid of the initial values (as is the aim of
any natural science), let us call the above procedure
the IF (implicit function) method.

Transition Probabilities

The last remark greatly simplifies the treatment.
It is generally adopted and if we denote expectation
values by brackets, we get

{n(t, %)) = j'd?’zo no (%)
- (| det 08;/0xx| (S (t, x) — S(0, x0)))>

The formula describes the distribution of the test
particle cloud by means of the corresponding tran-
sition probabilities, an expression which can also
more explicitly be written in terms of probability
distribution for the S-field:

(det | 08;/0xx | 6 (S(t, x) — S(to, x0)))

0 3
= <det o T 1608t ) — 8;(to, x0)]

x j=1 2D =x
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Here 0 is the Heavyside function. Further transformation yields

3
= det% _”_de1 dS»dSs ”J'dSlo dS0dS30 H 0(S; — 8;%) pa(t, 24D Sy t0, 20: 8% 1 =1,2, 3)[:(1)::
2z i=1

or finally

0
= det —— IIIdSIO dS29dS30 Prob {Sj (t, D) > Sjol to, yo p1(to, xo : S;0) Ii=1,2»3; AD=x
&)

in terms of the conditional probabilities and probability densities.

The Velocity Field

So far, we have derived the statistics of the tran-
sition probabilities from those of the S-field. The
crucial point is that, parallel to this, we have to get
the statistics of the corresponding velocity field on
an equal footing. In fact, for the 1-point joint dis-
tribution probability we have

g(t, x:v)={0(v — V(0S[ct, VS))>.

Here ¥V has to be expressed in terms of S instead
of the original ¢, x. This easily can be done on the
basis of the conservation of S along a path

0S/ot + V(0S/ot; VS)- VS =0.
The solution of this equation is
V= —det™1|VS8;, VSz, V83|

3
-3 V81 X V8m 082t
i=1

with 1, I, m cyclic.

However, we do not even need this explicit repre-
sentation in order to calculate g (¢, x: v) since we
find

o(v—V"F)
= (det | 38;/0zx| 6 (3S/0t + v - VS)) .

Again, this can be represented in terms of the prob-
abilities of S:

3
=<det%_a,ne(_aﬂ+ vVS_7>\

Ozr 08; j=1 ot /
3 /3 (08
=det —— 0—= (OB
© 302’) <E ( ot L j)>vu)=u
0
= det —av%_l) Prob

a8, :
2 7+p(1)V,S’j>O,7=1,2:3

vND=vp

The latter probability can be completely obtained
from the 2-point joint probability of the derivatives

of §, which requires that the 5-point distribution
in the neighbourhood of ¢, x be known (for any
component of S):

fdiffja(s,Jr vVS — )
0
R p(t’ x: Szp va st) dSt dSz; dSIa d'SZa »

The main result thus is: Given the statistics of S,
we can derive the statistics of the velocity field as
well as the corresponding transition probabilities
simultaneously and in parallel. It may therefore be
convenient to denote S as some kind of a “‘stochastic
potential”’. One may observe that we have not
treated the problem in the conventional way, where
one would primarily have in mind given statistics
for the v-field.

We wish to add the trivial remark that the two-
point velocity distribution can, of course, be ob-
tained in a similar way by treating the expression

{d(v1 — V(t1, x1)) 6 (v2 — V(t2, x2))) .

Restriction on S. — The Gauge Group

We have to establish a unique connection between
S(t, x) and its initial values B. This can only be
done if

det 08;/0xx =0, + oo.

This restriction introduces several complications
from the practical point of view since it rules out,
for example, Gaussian stochasticity for the S-field
itself. This means that one of the best understood
stochastic fields is not available for our treatment.

Furthermore, since S was denoted as a stochastic
potential, we expect it to contain some redundant
information. This is in fact correct, as can be seen
by the fact that the essential information within
our chosen set of constants is not destroyed if we

apply a 1-1 unique transformation  — ﬁ or S—8.
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Again we would have to require that

det aSi/axk +0, -+ oo.

We expect the same results within the S-represen-
tation as we had already for the S-representation.
In fact, in order to check this explicitly, we have
to show that the velocity field as well as the tran-

sition probabilities are left unchanged. The velocity .

field is obtained from

oS, aS; (08, 08,

o +V_S‘ Zas(at +V¥)'
Hence the left-hand side vanishes together with

08, V. G} b

R

if det 08;/0S; is finite. Conversely, the same holds
if the inverse expression is finite:

det aSi/aSz +=0.

Under this condition the densities n (¢, x) also re-
main invariant: From

08 _ 08 asi
drx 408, Ok
we find

5 a8, = a8, . a8,
et(a k) t(ast) e(axk)

Using this within the identity
8(S — S(o, 0))d3S
— 8(8 — 5(0, xo)) d38
— 8(S — S,) det (98;/0wy) 38

we get
A A 1
Therefore

(")Si // det —S;S:i 0 (S b So)\\
k

a8
\ det55. 3(5 — o))

_{ detﬁ 8(S — so)>

and n remains invariant.
The essential result is: There is a whole group of

transformations S—S under which the physical
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properties are conserved. This means that there
exist different stochastic representations for S which
end up with the same result for the stochasticity of
the velocity field and its diffusion probabilities. This
corresponds to what we want to call a stochastic

gauge group.

Causal Transformations

For completeness we want to mention the follow-
ing point: If we apply, for example, a (causal) trans-
formation onto x or ¢, the corresponding change
within the different formulas can be made readily
obvious. According to this we get together with any
solved problem a whole family of additional rigor-
ously treated problems. In comparison with already
existing approximation formulas, this will be useful
because the approximation will not be expected to
show the same ““invariance” as the rigorous result.

The 1-Dimensional Case

In the following we shall treat several examples
which refer to this case. In fact, since our method
in its present form is not adapted to the problem
of incompressibility, in case of higher dimensions
we would always imply a certain amount of stoch-
astic compressibility of the fluid, whereas in one
dimension the assumption of incompressibility
would only allow trivial solutions.

Merely for reference, we give the simplified results
for our case somewhat explicitly.

For the velocity field we find

G oS G
gt x: v)———a—Prob —}—v*>0
according to

v=— 8¢Sz

and for the transition probabilities

p{t:z|to:x}
= (| 88/dx| 8 (S (t, z) — S(to, 0))>
o .
= 5, ] 80 Prob {S(t, 2) > So|to, o : So}

- p1(toxo : So) -

The gauge group means that for any fixed ¢ the S (z)
is a monotonic function (either decreasing or in-
creasing), and that any (fixed) causal, monotonic
mapping is allowed (which evidently does not break
the monotonicity).
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Jumps, Trapping and Boundary Conditions

So far, we have assumed that S(t, ) defines a
unique mapping between the whole set of initial
values and their present ones. Correspondingly, we
had 8§ as a strictly monotonic function on the total
z-axis. However, these conditions may be weakened :

— If S, becomes infinite in certain points, these
correspond to the endpoints of certain intervals
which behave similarly to the whole axis as be-
fore: We now expect a map of this interval into
itself.

— Within any such interval (for any fixed t) we ex-
pect S to increase or decrease monotonically, but
we may omit the strict monotonicity. In order
to avoid a break in 1-1 uniqueness, we are then
obliged to assume that for any part where S does
not increase it is not defined only the right end-
point, for example, being associated with S. Such
motions will correspond to jumps of the test
particles. In the case of frozen-in turbulence, we
shall find a simple example. It shows that our
treatment thus also deals with the possibility of,
for example, Poisson processes within the same
kind of framework.

Finally, it may be stated that — as is common
in Brownian motion — we may admit the possibility
of absorption (e.g. chemical reaction), reflexion and
transmission of test particles at certain points or
certain boundaries. In principle, these boundaries
may not be identified with those of the fluid itself.
The present paper will not be concerned with these
latter questions.

One-Dimensional Examples
1. Brownian Motion

We give the derivation merely for completeness
in order to show that the new treatment incorporates
the older results. Let

S=xz—o0(t),
where ¢ is defined essentially by the Wiener process:
c=|/DE(t), o(0)=0.

Here £ is a Gaussian, stochastic function with the
variance

EMEE) =00 —1)

and vanishing mean value (to be more precise, it is
a stochastic distribution; see Gelfand and Schilow
[15]). The probability density obeys
op D 2p
=, 0,0) =20
% paa D=
with the solution
1
t: = = — 02/2Dt t 2
P:0) = sy exp{— ¥2D1}, 130

Starting from a given initial value, we find
x—o(t) =

and hence immediately for the transition probability
1
pt:z|x0) = l/_27n—l)—t exp {— ( — z0)2/2Dt}

a result which may also be obtained more formally
from our formulas:
Prob {S(t, z) > 8o l to, xo: So}

Z—To

=Prob{t,z:0<x—xo} = [ p(t:0)do
with
P(to, 2o : So) = 6(So — o) -

Hence
P(t; x| o) = | 08/3x| 6(S (¢, ) — S (to, x0))>

T—2o

= (0/0z) | p(t: 0)do

=p(t:z— xo).

The density of the test particles after a time ¢ will
therefore be

+o00
(n(t,2)) = [ no(xo) p(t: 2 — wo) dzo

which is again a solution of the diffusion equation.
The formulas show very explicitly that in such a
treatment all test particles feel the same stochastic
driving force, irrespective of their starting position,
and so they all run more or less “parallel” within
any individual realisation of the fluid motion. This
is a somewhat unrealistic point in the conventional
treatment of Brownian motion. It could only be
avoided if we also admit stochastics on x of the
driving fields. This is now possible.

2. A Case of “Frozen-in”> Turbulence

Frozen-in turbulence means that the correlation
time for the fluid motion is rather long (idealized
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limit T — o0). It is natural to assume besides that
no Brownian motion should be present. We thus
expect

S=p(x)—t,

where g (x) is a monotonically growing or decreasing
function. Examples of this kind are of primary
interest because they are far from any — even ap-
proximate — treatment till now. As a first example
let us assume

mw=aw+fwww%wmt,am=m

where &(x) is a monotonically growing function,
@ is positive, n is an integer and w is the Wiener
process:

dw/dx = &(x), <&£)=0,
E@)é(@)) = d(x —2').

By very conventional methods (e.g. P. Levy [16]
one can easily show that the probability density for
o and w fulfills the following equation:

1 02p

k.4 + (€'(x) + @ (2) w?n) o _1
ox ¢ o 2 w?’

and we are interested in solutions according to the
initial condition

p(@=0; 0, w) = (0) po(w).

In fact, if we admit for po (w) not merely the Wiener
assumption d (w), this is merely a trivial generalisa-
tion of the original Wiener version, which may be
useful later on.

The transition probabilities cannot be obtained
without solving this equation. This will not be done
in this paper despite the fact that for n=1 an
analytical treatment is possible. Instead, we shall
try to get some of the interesting information, e.g.
the essentials of the spread out of test particles, by
a somewhat simpler method of averaging. However,
mainly for purposes of reference, we shall give a
formula for the transition probabilities, starting
from

Prob {S(t, ) > So| to = 0, 0 : So}
= Prob {o(x) >t + So| 2o : So}

(-] + oo

= [do [dwp(z:0,w).

t+8So —oo

This yields
0/0x Prob {S(t, z) > So | xo: So}

+ oo

= fdw(s’ + @un)p(x:t + So, w)

— 00

and we finally get

+ o0 + o0
{n(t, x)) = j‘dxo n0(Zo) deop(to, xo : So)

+ oo
. 'fdw(e’ + @ (x) w2n)
“p(x; t+ So, w).

Later on we shall offer a particular generalization
and this result then will hereafter be cited as ““old”’.

Scaling Laws
Let us consider
F(S(t2)> = <f(S(to, 20))> -
Herein the averages may be taken for fixed values of
t=1% and z==.

The above mean values can then be interpreted as
a relation for allowed and corresponding values of
and Z. For a suitable choice of f this may prove to
be a tool for obtaining information about the spread
out of our test particles. In principle, the function f
may be allowed to depend upon the individual reali-
zation — hence it might be a stochastic process
itself.

In our case of frozen-in turbulence, we may
choose for f the identity. For any particle, starting
initially at the origin, we find

(8(t,2))=0
or

I= (@)

= e(@) + [ o) w2 (0) da
(@ +13...Cn—1)

if W=0.

An expectation of this type corresponds very clearly
to an average time {t), according to the dispersion
of the ,,times of arrival” of different test particles
within different realizations at a fixed point .
Averages of this kind are also familiar from the
theory of Brownian motion, where they lead to a
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connection with potential theory. For the connec-
tion with the dwell-time see the appendix.
In a simple case such as

& = gy = const,
@ = @o = const

we obtain
(2n — 1)

t=z+ " S— <po gnil,

n + 1

Hence we recover the conventional diffusion law
for long times in the case n =1:

lim (#2/f) = const.

T—>o00
It would not be valid, however, in any other case
n > 1, which illustrates that for frozen-in turbulence
the classical scaling law of diffusion may break down.

The Velocity Distribution of Example 2

Fortunately, in this connection we do not need
to know the whole probability distribution for o
and w, as was necessary for the transition prob-
abilities. In fact, instead of using our general for-
mulas, we may return directly to the definition of v
in terms of S. We then immediately find

5 1
g, z:0) = J‘ ( - &'(x) + (p(x)wz")

plx:w)dw.

This shows that all that is required is the distribu-
tion of w alone, which is nearly the 1-point dis-
tribution of the Wiener process. In fact, one has
Ple:w) = [p@:o,w)do
with
p(x>0,0=0,w)=0.

Hence we do not have to solve completely for p
but find

P 1 02p
ox 2 ow?
with
P(x=0,w) = po(w) .
The solution is just
+00
Plz:w)= / =Rl (172;—;}0)2/22:} Po(wo) dw .
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This may be inserted into the expression for g,
yielding

glt.w:v) = {P (’”: l%(% = 8')]”“) .
ol [

for

1

I<v<<——.
&'(z)
In the case n =1, when we expect classical diffusion,
we find especially for

e=1, ¢p=1,

Po(wo) = 6(wo — W)

a velocity distribution which shows a slightly diver-
gent behaviour at the end of the interval. Graphs

are given in the figures for different values of z
and W.

3. A Case of Homogeneous Frozen-in Turbulence

Let us consider

z

o= | oy
0
W=2 x=1
IW=05

g
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Fig. 1. Velocity distributions of example 2 for fixed z.
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Fig. 2. Velocity distributions of example 2 for fixed W.

on the assumption that «(x) is a homogeneous
stochastic process, e.g. a Gaussian one, which is
completely characterized by its mean value

{u(x)) =0
and covariance (correlation function)
u@)u(y)) =Cx—y).

For the velocity field we obtain
v=¢+ u2(z).

Hence the corresponding mean velocity will be
vy =¢e+C(0)

irrespective of the position. The correlation func-
tion of v can also be easily calculated by means of
the cluster property for Gaussian distributions:

@) v(Y) —(2=2C%(x—y).

In order to obtain the scaling law for the dispersion
of test particles, we use the ASUCON-method (see
the appendix).

x
& = [da’<l/(e + u?))
0
The integrand is a constant, hence we find the result

Zjt = {1/(e + u2))1.

Here the expectation value of interest,

exp {—u2/2C(0)} du
< +u2> j }/27C(0) Cetu?’
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can be rigorously calculated in terms of the error
function (Gradstein et al. [17]). For our purpose an
approximate estimate as is given in Abramowitz
et al. [18] is completely sufficient. We obtain

& e+ )e2+2aC(0)¢

i 2 ’

where a is some constant between 4/z and 2.

The essential feature is: We do not recover the
conventional diffusion law. In the case ¢ — oo this
is what one might have expected since the stochastic
part does not play any essential role. In fact, the
corresponding limit can easily be found to be

Z[t ~ {v)

in accordance with the trivial physical situation. Of
greater interest, however, is the case ¢ — 0, which
is dominated by the stochastic properties. Here we
find
&t ~ |/elv)

which demonstrates the strong deviation of this
case of frozen-in turbulence from the conventional
results. This may be of particular interest in com-
paring the Lagrangian and Eulerian treatments,
when often the one method (Lagrange) would yield
the correct result if its correlations were allowed to
be identified with the Eulerian ones.

Merely for completeness, we add the whole 1-point
distribution function for the velocities, which can
easily be found on the basis that it is Gaussian for u:

exp {— (v—a)/ZC(O)}' 9
sam=f VIR e
4 otherwise .

It is also possible to give a rigorous formula for the
transition probability if we assume that the cor-
relation function decays exponentially [19]:

C@—y)=cexp{—fBlz—yl}.

The process « (x) could then be considered as ‘“white
noise”’ passing through a filter, and we obtain the
following Fokker-Planck equation for p(x: g; u):

op 1 op

from which the transition probability of interest re-
sults essentially after solving and integration over u.
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4. Jumps

In order to ensure continuity of our test particle
motion, we had forbidden dS/dx to vanish. If, how-
ever, we restrict ourselves to ,,weak monotony”,
this would perhaps allow an occasional zero for the
the derivative within a whole interval of z. Cor-
respondingly, this would imply a jump of the par-
ticle. (If the jump occurs in velocity space, this
would be described as a collision.)

The situation can be ilustrated if we again con-
sider a case of frozen-in turbulence. Let

M (x) = max w(x')
0=2'<z
be the “maximum Wiener Process” (MWP). If we
identify o (x) with M (z), the transition probabilities
can be obtained from

2po(x: M)

M=0,
p(x:M)={0

M<O0,

where w refers to the conventional Wiener process.
Conversely, we have (e. g. using formula (*) of the
appendix):

p(o: ) = (o/)/27) exp {— 02/2x} 123/

and it can be further shown that the process z(t)
has essentially the character of an increasing Pois-
son process, e.g. a sum of discrete jumps.

Any sample path thus looks in time like a stee-
plechase in which the horses have to jump over a
sequence of arbitrarily arranged but locally fixed
hurdles of different widths. Hence we may speak
of the steeplechase process.

If instead of the Wiener process we had used
within the above procedure any other continuous
process without monotonic growth, we would also
have ended up with other types of steeplechases.

Generalized Brownian “Movements

In the conventional treatment of Brownian mo-
tion two test particles starting at different locations
are considered either as being completely indepen-
dent or as travelling parallel if they are subjected
to the same stochastic force

dx ~ dw(t),

where w(t) is the Wiener process. However, the
proportionality should, in principle, be a random
function of the position x with a finite correlation

length. Otherwise we would never be able to predict
the diffusion of an initial pattern of test particles.
The problem is within our treatment if we allow

S(t,x) =p(x) — a(t),

where p (x) and ¢ (t) are stochastic functions, which
for simplicity we shall assume to be independent:

p(t,x:0,0)=p@(x:0)p@(t:o0).

Referring to our previous cases, we find
+ oo
{n(t,z)) = fdap(t 1 0){no1a (o, ))

for the transition probabilities. From
v=o(t)/e'(x)

we also conclude that
+ oo
g(t,x:v) = [dop(t: 0)goa(t, z:v/0)1/o.

If we choose for p(t) = w(t) a Wiener process in
time, this leads to the above-mentioned, partially
coherent Brownian ‘“movement’’ with spatial cor-
relations. Let us consider an example:

Brownian Jumping

If o (z) is essentially the maximum Wiener process
M (x) x=0,
o(x) =
—M(—2z) =0,
where M1, may refer to independent (or dependent)

Wiener processes Wi,s(x), we obtain for the tran-
sition probability from the origin

pt,x>0]|to=0,29=0)

oo

_ [ =p{=0"24 exp{—o'Ra} 0 ,
s V2wt V2az =z °

The integration can easily be done yielding

1 1 dx

) de:?y?ﬁ(l Tafty ¢t

This result is in agreement with our scaling law:
{02(Z)) = <0o2()). The difference between ordinary
diffusion and this enhanced rate is due to the fact
that the steps are now small but finite since the
steeplechase process now continually reverses direc-
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tion in time. Owing to this property we may call
the process ,,Brownian hurdle jumping” (BHJ) or
simply “Brownian jumping”.

Using

8 = gm(z) — an(t)

we are obviously also able to construct other scaling
laws of diffusion (leading accordingly to BHJ (m, )
processes).

Turbulent Drift and Diffusion

In the case of frozen-in turbulence we are really
dealing with a somewhat irregular shift of our test
particles in one direction since “‘the wind always
blows from the same side”, so to speak. This situa-
tion completely changes when extended to “turbu-
lent Brownian motion” with its permanent change
of wind direction and strength. It would thus be
better to indicate frozen-in turbulent transport as
“turbulent drift”” and denote turbulent Brownian
motion as real diffusion.

The difference can easily be explained if we choose
for o(t) an extremely simple model:

o=af(t)

Here it is only the parameter a that is a simple
stochastic variable, whereas f(¢f) may be any causal
function. We than find

(n(t, )y = [dap(a)nowa (@, af(®)
g(t,2:v) = [dap(a)goa(t, z: v]af(t) 1/af.

The latter formula is of interest with respect to the

possibility of “smearing out* our previous singulari-

ties in the velocity distribution (see figures).
Naively trying the ASUCON method, we find

(8(t,2))> =<e(®)> —<a>{ (D)

which in the case of vanishing mean {a) would not
yield any useful result for the conditions, and hence
no scaling law could be extracted in this way. The
reason is evidently that particles which drift to the
right within one realization are compensated in the
average by others which drift to the left within
another realization. We thus expect what is con-
ventionally called diffusion. Of course, in the above
case it is obvious that the corresponding scaling law
should be the same as for any individual realization,
which means that it should be that of turbulent
drift.

Is there another possibility of obtaining this re-
sult on the basis of our ASUCON method more
directly ? Several suggestions may be offered.

1. Let us consider
<a8) = <ap(®)) —<{a?)>f(i)

Starting with particles from the origin (S =0), this
yields a relation of the required type between &
and .

2. Inasimilar way, division by a might be helpful
if (1/a) is finite.

3. {82) can be used for a more complicate esti-
mate. Especially in the frozen-in case starting at the
origin, we may use directly

e%(&)) = <a®) f2(f)

The latter may be demonstrated in the case of our
frozen-in homogeneous turbulence when f(t) =¢:

du1 dug p(.’l)z — X1 U, uz)
0%(%)) = .
(& + u12) (& + u2?)
For x> 1/8, the correlation length of »(z), the inte-
gral essentially factorizes and we obtain

~ (1/(e + u?))222 — terms (~ x)

which yields for the diffusion essentially the same
law as we had before for the case of turbulent drift.

If (@) is assumed not to vanish, we expect a mix-
ture of drift and diffusion, e.g.

v = [(#)<a)<{v(t, x)>o1a
and similarly for the correlation function
u(t,z)v(t', 2)) = f(t) f(t') {a?) Cora -

This allows an interesting conclusion: The depen-
dence of {(n) or g on a is much more complicated.
Hence for the same values of {(a) and {a?) rather
different results for the transition probability are
to be expected, whereas the velocity mean and cor-
relation may be the same: It is not at all possible
to determine turbulent diffusion or drift with just
a knowledge of the lowest moments of the velocity
field.

Leibniz Transformation

If we want to remove the vanishing probabilities
atv=0inour “old” version of g, we may try to smear
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out the distributions by suitable transformation. In

cosmology the Leibniz transformation was intro-

duced by shifting the coordinate system with arbi-

trary velocities [20]. By analogy, we set
S=p—A)—a()

and find

. o

v=14+———.

o'(@ — A1)

Hence our old g ought to fold with, for example, the
probability for A, which allows the required effect.
This is correct even for the case

Aty=12-t

of a random Galilean transformation.

Extensions

Already existing rigorous examples may serve as
a tool for the construction of more complicated
cases, e.g. those by no means separable in z, ¢. Let ¢
be a monotonically growing function of two
variables

(&1, m) = @2, n2),
where
El é 52,

Let us assume that S; and Ss are ‘“‘normalized” as
monotonically growing. Then

S = (P(Sl, Sz)

=72

may again serve as an interesting candidate for tur-
bulent diffusion if the S; were so already. In fact,
if we are allowed to assume that

Prob {S¢ (¢, ) > 8;0 I Si(t =0, x0) = Sio}

is known for ¢ = 1,2 and we further assume that
the two are statistically independent, we are able
to calculate

Prob {p > 80| ¢ (81(0, x0), S2(0, x0)) = S°}

on the basis of a suitable ‘“folding” procedure. Hence
the transition probabilities are available. (Again,
the ASUCON method may sometimes be
helpful.) For the velocity field we obtain a convex
superposition:
v1+ ['vg

141

P =

where
_ 95282

It z)= ~-=0.
(t, ) 95,51

Let us consider some trivial examples. We have
treated several cases of frozen-in turbulence. Let
us consider two monotonically increasing functions f
and ¢ and let

S = f(e1(®) — ) + g (02 (2) — t)

where the p;’s refer to different cases of frozen-in
turbulence. The new velocity field becomes time-
dependent and varies between the old values v; (x)
and vg(z) in the course of time.

In a similar way, we may generalize the Leibniz
transformation by, for example,

S=p1(x—1)+ 0222 — t).

These are merely simple examples of a wide variety
of possibilities for illustrating the fact that our
originally of necessity restricted examples may serve
as a starting point even for the treatment of rather
involved situations and to serve as some kind of
a ‘“reference system’ for the latter.

Further details will be left to a forthcoming paper.

The authors would like to thank F. Pohl
for some numerical work.

Appendix
The ASUCON Method

In order to obtain some insight into the meaning
of the , & introduced in connection with the scaling
laws, we may explicitly denote by subscripts any
condition which is kept fixed when averaging. Then
the average ‘“‘sub conditione” (ASUCON) reads

S 2)) = <f(8)zz,s-

In any conventional treatment of diffusion one
solves explicitly for x before averaging and then
looks for an expression of the type

) = <@y 5,0

as a function of time. — Again, this is a certain
ASUCON. The most common form of f; is a square.
Is there any connection between the above two
kinds of average ?
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Let us assume that any realisation of S(t, z)
grows monotonically (this can always be achieved
by an equivalence transformation). One then has

Prob {S(t, 21) > S1} = Prob {z(t, S1) < 21},

where z(S, t) is the “inverse function” at any in-
stant ¢. With the corresponding probability den-
sities this yields

jpw>tm,s ds’ = ij)tSlx)df

Applying the second derivative with respect to x
and S, we find

Op®[0x1 + 0p®[0S; = 0.
Multiplication by S and integration yields

08 (t, z))[0x = fp(x) (¢, 8" :2)dS".

Interpretation becomes especially clear in the case
of frozen-in turbulence, when we obtain

op@ (x: ) op@ (o : )
_|_
ox Jo
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